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THE ABSORPTION AND REFRACTION OF 
CENTIMETER MICROWAVES BY WATER 
SWAM( 
Heretofore the index of refraction of a high loss liquid for 
electromagnetic waves has been found by first measuring the reflec-
tion coefficient. This paper describes a method ay- which both the 
index of refraction and the absorption coefficient are determined by 
measuring the phase shift and attenuation by a thin layer of the liquid. 
Two transmission methods are described, both giving essentially the 
same results. In the first Errangement the sample of water was placed 
in the wave guide while in the second two electromagnetic horns were 
placed face to face and immersed in the liquid. 
Measurements were made between 0 and 50 degrees centigrade at 
1.15, 1.25, and 1.35 centimeters m11 - 1 ordinary tap water. Measurements 
were made on distilled water and various concentrations of salt water 
at 1.25 centimeters ant 20 degrees centigrade. Nc measurable difference 
could be found between tap, distilled, and salt water. The results 
compare favorably with the semithecretical results of Saxton and Lane, 
and the experimental results of Collie, Ritson and Hasted. 
The theoretical expression for the dielectric constant of a 
polar liquid or gas in the region of anomalous dispersion is derived 
using the molecular distribution function of Debye and a simple ex-
pression for the field on a molecular dipole. The same expression 
is derived from the field equaticus of Clausius-Mosotti and Onsager. 




Much is known about the absorption and refraction of dielectrics 
in the infra-red, vis.ble, and sho'ter ti ave length regions where the 
absorbed energy is ased 	 lneuce atomic and electronic vibra- 
tions. Little is known, however, about dielectric properties at much 
longer wave lengths where the absorbed energy tends to induce molecular 
rotation. The present theories of dispersion are quite adequate for 
many gases and vapors, and also for a large number of polar molecules 
in solution. With pure liquidst on the other hand, new influences come 
into play, and the absorption at nicrowave frequencies consists of a 
much broader region than the absorption band of a gas or vapor. The 
values of the absorption coefficient and index of refraction also change 
much more rapidly with a change in the temperature of the dielectric. 
Drude first noticed this "anomalous dispersion" and Debye I formulated a 
theoretical basis for this phenom enon by the use of the internal field 
theory of Clausius and Masotti. Debye also introduced the idea of a 
"relaxation time?' for the process of molecular rotation. Later theories 
of Frohlich, 2 Onsager, 3 Eyring,4  :L17.-kwood, Kauzmann, 6 and others have 
attempted to overcome the defects • D7 Dehye's original theory -- in 
particular his use of the Clausit/J-Mosotti internal field or his 
neglect of the dipole interaction field. 
Regardless of the particuLir theory used, an expression for the 
dielectric constant of a polar liquid in the region of anomalous dis-
persion can be derived, and the results differ only in the value of the 
relaxation time. Since the relaxation time must at present be determined 
by experimental methods, this matt =K7 	of little consequence. 
THEORETICAL BASIS FOR CALCULATIONS 
In the region of anomalous dispersion where refraction is ac-
companied by absorption, the relattLve dielectric constant is expressed 
as a complex number, 
= C' - if" 3 	 (1) 
where the imaginary part is associated with the absorption. 
According to the formal theory of the propagation of electro-
magnetic waves, C is equal to the square of the generalized refractive 
index, but since E is here comp:ex quantity, the generalized re-
fractive index will also have an inaginary part. In the usual way we 
therefore put 
= (n - j k) 2 . 	 (2) 
The meaning of the two components of the dielectric constant is 
seen if it is remembered that the field intensity of a plane wave 
traveling in the z direction is proportional to the expression s 
	
r- 	 -1 
 jw t - 
- 
(n - jk)  z - 	wkz - --_ c ivrli - e. 1  c 	c e L 	 --I = e 	• e 	 . (3) 
If the wave length in free upace is ,1 0 , the wave length in the medium 
is o — and the amplitude is decreased by the factor e-2k1T after the 
wave has traveled a distance of one wave length. The absorption may 
be expressed in decibels (db) by 
Number of db = 40/T la 2.303 Ao • (LL) 
Similarly the phase change :gin radians may be expressed as 
0 = 2 n  
Ao 
By equating equations (1) and 	we obtain the expressions for 
the real and imaginary components of the dielectric constant in terms 
of the index of refraction -)nd the absorption coefficient: 








For electromagnetic waves propagated through a dielectric 
sample restricted by a rectangular wave guide, equations (4) and (5) 
for an unrestricted medium do not necessarily hold. Energy propagated 
in the TE01 mode travels at an angle 9 from the walls of the guide, 
given by 
sin 9 = 
k 
where -\ o is the free space crave length and A c is the cutoff wave 
length equal to twice the larger of the two inside dimensions of the 
wave guide. The angle through a dielectric section, of refractive 
index n, in the guide will then be given by 
sin 9 =  
n 
This may be considered as an increase in path distance given by 
z ------ • 
cos sin-1 --9-- j 
n A c  
For a wave length of 1.25 centimeters and for the particular size of 
wave guide used in this experiment, an index of refraction of four 
increases the path distance through the sample less than one per cent. 
Since n is greater than four for wa -Jer at this wave length, this error 
may be neglected. 
7 
The microwave power source used was a 2K33 kiystron oscillator 
modulated by a 2.5 kc squarE wave, A 1N26 crystal, tuned amplifier, 
and vacuum tube amplifier were us ,A. to detect the signal. Figure 1 
shows the equipment arrangement for the measurement of the attenuation 
and phase shift. 
Since transmission through only extremely thin samples of water 
is practicable at centimeter wave lengths, direct measurement of the 
length of water path is difficult. To simplify the measurement, a 
sample holder was devised in which the water could be measured by a 
calibrated capillary pipette, A p-Ilystyrene plug was inserted in a 
section of wave guide as shown in 'figure 2. A small hole was drilled 
in the broad side of the guide on level pith the top of this plug. 
A section of copper tubing vas soldered over the hole and then connected 
to a 0.1 ml calibrated pipette by a section of rubber tubing. The 
other end of the pipette was closet with a short section of rubber 
tubing clamped at the far end. The sample of water was inserted into 
the system until it covered the polystyrene window to a depth of ap-
proximately two millimeters and filled the tubing and pipette to the 
top end of the range of the pipette. An adjustable clamp was then used 
to squeeze the short section of rubber tubing, thereby changing the 
volume of water in the wave guide kr a very small amount as measured 
by the pipette. 
The section of wave gm.de containing the water sample was in-
stalled in a temperature bath which could be maintained at any tempera-
ture between 0 and 50 degrees centigrade. Approximately 20 minutes were 
allowed between temperwaire changes and measuremen;s to permit the sample 
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Figure 1. 
Simplified Schematic of Laboratory Arrangement for 








Water Sample Holder for Transmission Measurements 
of Attenuation and Phase Shift in Wave Guide 
A directiona_ coupler was inserted immediately in front of the 
klystron which fed a signal to a -r.,1-ansmission typt.: cavity for frequent 
frequency measurements. Another crystal detector and tuned amplifier 
were used to detect this signal. The klystron frequency could be 
measured to plus or minus ten megacycles per second or 0.04 per cent. 
For absorption measty.mments the attenuator in the reference 
phase arm was completely inserted, thus eliminating all signal to the 
final crystal except that -z,hrough the water sample. The calibrated 
attenuator was adjusted to g:ve a certain meter reading for a given 
water level in the sample holder. The water path was increased and 
measured by the pipett3; then the zttenuator was readjusted to give 
the same meter reading. The difference between the attenuator settings 
thus gave the attenuation for a given thickness of water, completely 
independent of the crystal and amplifier characteristics. The crystal 
detector was well matched to the line, and the six db fixed attenuation 
further reduced the standing wave between the crystal and the sample. 
For phase measurements a signal was taken from the klystron by 
a directional coupler, fed through an attenuator and phase shifter, and 
then back into the line through another directional coupler at a level 
equal to the level of the signal through the water path. The phase 
shifter was adjusted to give a minimum meter reading -- i.e., to can-
cel the signal through the rater. Then the water path was increased 
thus increasing the phase shift through the sample until another 
minimum meter reading was reached, tnereby determining the water path 
necessary for approximately a 271 phase shift. Since large absorption 
accompanied this phase shift the new mcniummi will be somewhat less than 
360 degrees as shown in the followng derivation. 
10 
Referring to equation (3) and holding t constant, we let 
2 frk - 	2 rrn - , 	z -j , 	z 
Ao Flo 
A e 	. e 
and 
B e 
represent the fields at the crystal detector due to the signals 
through the water and reference arms respectively. A and B are 
initially set equal by the attenuators in each arm, and 0 is adjusted 
by the phase shifter in the referenes arm to give a minimum resultant 
signal as indicated by the meter. kssuming zero phase at the sample 
arm, would be 180 degrees in this case. The resultant power may then 
be represented by 
_ kali 	_ 21rk 1- 	 ---1 
,.. 	Ao loo 
	
- ' 	, R2 = A4 le - 2e 	cos 21r n ---- z + i . 
L. 	 ‘Ao 	i --I 
Differentiating this with respect tr, z and setting it equal to zero 
gives a minimum point when 
Irk -i. 
1 	Ao 271n— 	 2 Tr n .) sin 	z = 	e - cosL-7-- ;0 
1 A0 / iL 	 1 A o 
(8) 
It is readily seen that only . Then k is zero do successive minima occur 
at 360 degrees. With the measured value of z from the first to the 
second minimum, and the previ)usly determined value of k, this equation 
11 
was solved for n by Newtonts methol. An additional correction due to 
the decrease in unfilled wave guide by the increase in water height of 
course had to be made. 
There was some doubt as to 7,he mode in which the energy was 
propagated through the sample and a7so as to the exact temperature of 
the water inside of the sample holc:er; however, an alternate method 
using two pyramidal horns immersed in water gave essentially the same 
results. The faces of the horns were covered with a thin sheet of 
lucite and placed face to face in a water tight container as shown in 
Figure 3. The transmitting 'Aorm was fastened to this container while 
the receiving horn was free to pivot on an arc of two feet. A microm-
eter head was used to change the spacing between the two horns. To 
increase the ease of reading,. a dial gauge indicator was used to 
measure the change in spacings. Some error was introduced by loss at 
the edges of the horns and b2 - change in parallelism, but this error 
was considered negligible for the very small changes in horn face 
spacings inherent in this particular method. 
Figure 4 shows a photcgraph of the complete laboratory arrange-
ment. The water surrounding and between the horns is circulated 
through copper tubing Ln a temperature bath shown on the extreme right 
side of this photogr-ph. The mensx-ing techniques and calculations 
are the same as given in the preceeding discussion. This method 
possesses some advanta;as ov:r the other, especially in the ease with 
which different water samples such 	distilled and salt water could 
be changed. 
Figure 3. 
Sample Holder for Measurement of Attenuation and Phase Shift 
of Centimeter Microwaves by Water 
Figure 4. 
Laboratory Arrangement for Measurement of Attenuation and Phase Shift 
of Centimeter Microwaves by Water 
THEORETICAL AND EXPERINENTAL VALUES 
An accepted expression for the relative dielectric constant of 
a polar liquid or gas in VIE region of aipolar dispersion is 
C s — Eo 6= 	
60+ 1+iw r 
(9) 
where Co 
is the dielectric constant at the high frequency end of the 
dipolar dispersion; (:s is the static dielectric constant; w is the 
frequency of the impressed field in radians per second; and r is the 
relaxation time of the molecular dipole. The particular theory used 
or the expression used for the internal field determines the value of 
the dipole relaxation time. This equation is derived by several 
methods in the next section using the different internal field expres-
sions of Clausius-Mosotti and Onsszer. 
If we equate real and imaginary parts of equation (9) we find 
e+ 	;w1r s 0 	)2 
(wr) 2 
and 
w7(' -s- co) - 	. 
+ (wr) 2 
The variation of 6 s with 7;emperature is well known while Co is con-
sidered to be relatively constant with temperature. Debye has given a 
value of 2.2 for Co for water found in the infra-red region of the 
spectrum. Saxton7 has found that a value more nearly 5.5 fits his 
(lo) 
experimental results more closely. This is the value one would expect 
15 
to measure someWheni between ';,he cm and infra-red regions. The values 
of E, €j ,10 , and Ta.s given by Saxton are reproduced here in Table I. 
TABLE I 
STATIC AND HIGH FREQUENCY DIELECTRIC CONSTANTS 
AND RELAXATION TIME OF WATER AS GIVEN BY SAXTON 
Temperature (*C) 	s 	 0 
	 rx 10-12 sec. 
	
0 	 88 
5 86 
81, 
15 	 82 
20 80 



















The expressions for n and k in terms of t, s, Lo, wl and i are 









2n2 = 4 	 • f 	 • 
1 + rCX r) 	 1 + (w 7-)2 
(12) 
2k2 
2+ e 02(w 2 	tr. s 	t 0 (yr n2 
• 	 (13) 
1 (117)2 	1 + 6,7 n 2 
The positive value of the radical is taken in both equations to give 
real values for n and k. 
If the equation for k is differentiated with respect to frequency 
and set equal to zero, the condition for the maximum value of k is 
given as 
€ 0 + 3 €. s 
= 
3C 0 + C S • 
(14) 
15 
The values of the relaxation time given in Table I were determined 
from this equation after Saxton found the frequencies for maximum k 
at different temperatures. As will be shown below, the experimental 
results reported here are in excellent agreement with theory as to 
the points of maximum k. This indicates that the values of 	given by 
Saxton are good. 
Table II gives the values for n and k computed from the values 
of Table I using equations (12) and (13). The experimental values 
obtained by the methods previously described at 1.15, 1.25, and 1.35 cm 
are also included. A plot of the values of n and k against tempera-
ture is shown in Figure 5. The so:Lid line is the calculated curve; 
the crosses are the experimental values obtained by the writer; the 
circles indicate the experimental values obtained by Collie, Hasted 
and Ritson8 at 1.27 cm. The latter values are not tabulated. 
TABLE II 
THEORETICAL AND EXPERIMENTAL VALUES OF n AND k 
1.15 cm 	 1.25 cm 	 1.35 cm 
QC n k n 
Exp. Theo. Exp. Theo. Exp. Theo. Exp. Theo. Exp. Theo. Exp. Theo. 
o 2.79 2.72 4.83 4.33 2.78 2.80 5.03 4.62 2.80 2.86 5.19 4.74 
5 2.83 2.86 5.14 5.02 2.93 2.93 5.34 5.20 2.96 2.95 5.56 5.32 
10 2.88 2.90 5.54 5.50 2.88 2.92 5.69 5.71 2.93 2.93 5.84 5.81 
15 2.84 2.89 5.78 6.10 2.87 2.88 5.93 6.2o 2.85 2.86 6.23 6.30 
20 2.77 2.81 6.13 6.35 2.80 2.78 6.J41 6.53 2.79 2.73 6.56 6.65 
25 2.72 2.68 6.40 6.70 2.58 2.64 6.75 6.90 2.65 2.56 6.85 6.97 
30 2.56 2.56 6.64 6.95 2.45 2.48 7.00 7.12 2.52 2.39 7.05 7.21 
40 2.35 2.21 7.02 7.30 2.22 2.12 7.39 7.44 2.30 2.00 7.34 7.5o 
5o 2.12 7.32 2.02 7.60 2.04 7.60 
*
The words, theory and theoretical, are used loosely here since 
the parameters, E s , (7:: 0, and A, were found by experiment. 
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Figure 6 is I plot of n arvi k found from equations (12) and 
(13) from 0.2 to 10 cm using the values of Table I. Experimental 
values of various investigators inc.i.uding the values reported in 
this paper are shown. The experimental values are in good agreement 
with the values determined by these equations in this region and 
also for longer wave lengths. It is hoped that future work at shorter 
wave lengths will verify these equations in this region. 
4- 
s 	 0.6 
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Figure 6. 
Theoretical Curves Showing Variation of Absorption Coefficient, k, 
and Refractive Index, n, with lave Length (temperature = 20'C) 
DIL;USSION OF RESULTS 
The experimental results obtained by this work are in good 
agreement with theory and with the experimental results of others. 
Measurements at 20 degrees centigrade at 1.25 cm showed no difference 
between various concentrations of salt water, distilled or tap water. 
This was not expected since Saxton and Lane9 obtained a considerable 
variation in the absorption coefficient with various concentrations 
of salt solutions at 1.58 
The attenuator used in the absorption measurements was calibrated 
at 1.25 cm by the manufacturers. The attenuator was corrected for 
measurements at 1.15 and 1.35 cm. This correction may be in error since 
no accurate method was found available for the calibration. It is 
estimated that the maximum error in k is three per cent. The final val-
ues recorded were an average of numerous measurements. The phase 
measurements are considered to be more accurate since measurements 
could be repeated to less than one per cent. 
The experimental and theoretical values fo.• the dielectric con-
stant of water have not been tabulated in this paper. To find the 
experimental values at the frequencies at which measurements were made, 
n and k are substituted into equations (6) and (7). The theoretical 
values may be found at any wave length between 1.15 centimeters and 
infinite wave length by equation (9) using the values from Table I. 
As mentioned previously, future work may prove the validity of 
equation (9) for wave :engt. .s less than one cm. 
DIELaTRI- THEORY IN 'AL REGIONS OF DIPOLAR DISPERSION 
bebye has developed ;L zeneral expression for the distribution 
Function of molecular foments affzted by varying electromagnetic 
fields using the theory of tle Brownian movement. The distribution 
	
function is a function of the time, orientation 	the molecular 
dipoles, relaxation time, anc temperature. The differential equation 
containing the distribution func - don has been derived in the Appendix 
and is rewritten here. 
1 	c)[. 	f I'M 2 / t = sin 9 .1- (7) sin -114. " - KT/ j • 
To solve this equation for f we take the real part of the im-
pressed field on a molecule in the liquid which gives us a torque, 
jwt 
M = -i../F e 	sin e . 0 
1 e try as a solution, 
B 	iwt 
f = A El +Fo  e cos 91 
If we drop higher than the first powers cf F, equation (15) will be 
satified if 
1 
1 + jw r 
giving the distribution function 
(15) 
f = A El + (16) 1 	 l' F° si't cos e 
l + jw r K2 	 _J 
?2 
The mean electric moment oi the molecule is found using 
Boltzmann statisticq by 
f d4i.itcos , m 	 2 
i f 	. 
which amy be evaluatec as 
Fo  ev 
	
M = ' •••••.- 	 • 
3KT 1 - jw r 
The polarization of the liquid 	to the permanent dipoles is given 
by the mean electric moment multiplied by the number of molecules per 
unit volume or 
2 F e3 
 3KT 1 + jw 
If we consider ,,' to be the polarizability of the molecules due to dis-
tortion or atmoic polarization, the polarization due to distortion may 
be given as 
jwt 
= n 	e 
It should be noticed that sae hav_ not attempted to find an ex-
pression for the forces upon the mJlecu -es since these forces will drop 
out of the expressions in later swstitations. The total polarization 
of the liquid per unit volume is the suu of the polarizations due to 
orientation and that due to disto:Aion, or 
,. 2 F 
Fo e 




From classical electrostatics the electric displacement, D, in a 
dielectric medium ib defined by 




is the permittiviir of free space; _1 is the impressed field 
across the dielectric; and P is the polarization. In numerous simple 
isotropic dielectric substances, the polarization is approximately 
proportional to the impressed electric field by a dimensionless con-
stant, 	called the dielectric susceptibility or 
e 
k
o E , 
giving 
•- 	-- 
D= kE+. k E= kE 
o 
 e o 
and 
k = = k0 = (1 + 	
k0e 
	
where k is the permittivity of the medium and 	is the dielectric 
constant. The substitution for in equation (18) gives 
P = ko ( - 1) E . 
	 (20) 
Equating this polarization with that of equation (17), entering n and 
ko into the constant, '3, and dropping the periodic variations of the 
forces, we have 
The dielectric constant is represented by k in many texts, but 




C • (€ - 	= 	-/-'1 	1'0  
3KT (1 + jw 7) • 
If we denote the vaiae of 6: for high frequencies by 	and for 
low frequencies the static value cf the dielectric constant E s and 
set the frequency first large and •,hen zero we find 
C • ( 6 0 — 1) 	= (X.73. 
and 
2 3; 
C • (E s  — 1) 
E = c( F 	o 
1 3KT 	• 
Substituting these Uacc into equation (21) we have 
s  + 
c1 + jw 
(20)  
Theory of Debye. 
Instead of using the simple expression for the polarization given 
by equation (20), Debye us o3 the polarization given from the use of the 
Clausius-Mbsotti inteIJal lield. 
Clausius and Mosotti considered the actual force acting upon a 
particle carrying a unit po3flive charge as consisting of three forces: 
F1, F2 , and F3 . The force, Fl, was due to the actual electric field 
across the dielectric. The comporent of force , F2, is thought of as an 
additional force due to the presence of the dielectric excluding a 
small sphere surrounding the particle aosuming tha particle to be absent. 
The component, F
3
, is the force dye to the material contained within 




been assumed to be small, it has been neglected. The field inside of 
a spherical cavity is then given by 
F = E+ 	. 	 (23) 
Debye assumed the average moment of one molecule to be 
= _As F 
where is. is the polarizability. If n is the number of molecules, the 
polarization is given by 
P = rim= 	= n, 	+ 77) 
Substituting for P the classical expressions, D = kE = of + P, 
we have 
- 1 	n ti  
+ 2 3ko 
(21 i) 
If both sides of thi s equation are multiplied by the quotient of the 
molecular weight, M, and the density, , , and Avogadro's number, N, is 
nM set equal to 	, we obtain 
- 1 M 	N 	p 
+ 2 4- 3ko (w) • 
Debye defines the right hand side of this equation as the Molar 
Polarization, Pm , which should more properly be called the Molar 
Polarizability. In place of our equation (17) Debye has left out the 
forces, giving for the Molar Polarization, 
(25) 
477LH + 2 — 	1  P 
(w) = 
	N 
3 	3KT 1 + jw 
417 i where -3- N is the number of molecules per molar volume. If we equate 
equations (25) and (26) and define the static and high frequency 
dielectric constants as we have done previously, we obtain 
E s - o  
= 	+ jw 	o 2 
1 	 1  7- 
+ 2 
+ jw 
t o + 2 
• (27) 
This differs from our expression for the dielectric constant only in 
+ 2 




Debyefs expression. The actual values of 1 - support the first expres-
sion for the dielectric constant. 
Theory of Onsager  
Onsager has derived an alternate expression for the internal 
field, as he was not satisfied with Debye's use of the Clausius-Mosotti 
internal field. He represents a polar molecule as a point dipole 
in the center of a spherical cavity in an isotropic dielectric liquid 
of dielectric constant, t 	The radius, a, of this cavity is of the 
order of the radius of the molecule. 
The internal field acting on the dipole may be represented as 
the sum of two fields, R and G. The reaction field, R I is caused by 
the polarization of the surrounding medium by the field of the dipole 




The cavity field, G, is caused by and aces in the same direction as the 
applied field, E. In terms of the dielectric constant, dipole 
moment and radius, these fields may be expressed as 
E - 	
2(E - 1) m 
2 E + 1 a3 
and 
G = 3
CE 2 +1 E 
Reference to any standard text (such as Electromagnetism by Slater and 
Frank) will show these equations derived in detail. The reaction field 
above is not strictly applicable t any actual liquid since the field 
Is uniform on.1y in an Aalpoidally shaped cavity. 
If 4 is the permanen - , dipole moment in free space and u is a 
unit vector in the direction of and 04 is the distortion polariza-
bility, the dipole moment will be given as 
k-L 	 - m = 	u + 	R + 	= 41' u + 3 + 	m 
2 E + 1 2 + I a3 
Solving this equation for m 	have 
- 3 6 
"ex u+ 	E 
m 
1 - 	-1)  
2 + 1 a3 
(23)  










2 n - 1 7T %I = 
	
+22 	3 
By substituting the above expressions for 'I and a in equation (30), 
the following equation is obtained' 
m (n2 + 2)(2E + 	u + E (n2 + 2) .~ .t•  
3(2C + n2 ) 2 t + n2 
or 
in = 	u 	• 
The torque acting on this dipole is 
•Ir 
T = (.:i:+ G) xm . 
Since R is parallel to m l RX111 = 0 and IT1cg = 0. 
3 6 
T = Gxm = 2 f +-1 E 
- 	 el/ 
u + E) 
3 t: 	 1. ow E (n + 2 °) Exu = + 1 sin to = 	E sin 
e 
2 + 
Tne potential energy is then equal to 
U = E ccs 9 . 
ahe component of m in the direction of E is 
".• 
4 1 CDS 9 
In order to find mE the average value of mE) it is necessary to 
find the average value of cos e. Using Boltzmann statistics we obtain 
  
2r n V 
IIT e 	cos 8 sin e de dO 
o o 
29 
cos 8 = 
 
   
2/7 0 v
e — irr sin A de dO 
lor4. 
3KTFor fields sufficiently small that powers of 3  higher than the first E 
are negligible, the above expression becomes 
E cos 0 = MKT
, 
giving for mE 
= le- E 
2 	2 	2 _ Sn + 2) (2 + 	€11_2 2) a E 
3(2E + n2 ) 2 3KT 26 + n2 
0' and mE may be eliminated by substituting 
= 3 n2 - 1 





- 	 - E . N 	.1.7r11 
After simplification 
(31) 
(E - n2)(26 + n2 




' 	• (32) 
If we substitute for n the high frequency dielectric constant 6 o and 
3 0 
consider 2 E >> o we obtain 
2(E - f o ) = 4 9KT1T1P42 
	
o 2) 2,  
which is the usual expression for Onsageris equation for the dielectric 
constant of a polar liquid. If we consider t.: 0 as fairly independent 
of temperature we may write this as 
( t 
Also we may enter the relaxation 	as Debye did giving 
E + 
KT (1 + jw1r) 
Solving for A by setting w first equal to zero and then infinity ) we 
obtain for € 
s - Eo 6 = E + 	• . 
o 1 + jw 
(33) 
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APPENDIX 
TEE DISTRIBUTION FUNCTION FOR MOLECULAR DIPOLES 
We consider an impressed field constant in direction but varying 
sinusoidally with time across a small spherical region in a dielectric 
medium. We take the center of the sphere in this liquid as the center 
of our polar coordinate system. The number of molecules which at a 
given time have their moments in the direction of a solid angle dn. is 
f d 	The varying field and the Brownian movement vary this number. 
Now suppose that at an Interval 
of time, t, later all of these mo-
lecular moments have shifted outside of 
the solid angle d i but the element of 
time, t, is still small enough that 
these moments have not shifted more than a 
few. degrees. During this interval of tine 
the number of molecules whose moments have 
entered dA. is given by 
c) fdii —Lk +.4A 
— 	 2 (Al) 
where the contribution 	and A2, are due to the rotations produced1 
by the impressed field and Brownian izvement, respectively. 
In order to discuss the contributions by the Brownian movement 
.S 2 , We imagine a second solid angle, 	at an angle, 8, with the 
axis of d.. 	We assume a certain procability function 	such that 
17d 1 denotes the probability that a molecule whose moment lies in dtt 
35 
at t = 0 will have its moment in d i, at, t = i t. Integrating over the 
sphere and holding d:1 constant, the total of the molecular moments 
entering ddi is then 
fi 4S 2 = - f dn. + fl d it W d,, L. , 	 (A2) 
where f' is the distribution function corresponding to the angle gl. 
The first term, f di, ' accounts for all moments that pass out of d. 
which were originally tiere, and the second term accounts for all 
moments originally outside d J. which are now within the solid angle. It 
is clear that the probability function, W, will be a function of 
alone, while the space variation of f will depend on g alone. We may 
write 
r 	 -' 
2 = d 	f' W d. 	 (A3)L 
If we expand f' about its value at d .: a. we obtain 
= 	 „a 	f 	(el - (3) ft f p) tra 77-t7-; t 
0 
According to the second restriction on t, W must approach zero very 
rapidly when 6 exceeds a few degrees. In order to evaluate the integral 
above we need therefore consider only snail values of 8 or therefore 
(0' - 0). Letting (0' - 0) =y - give 6- 
.7) f 	 -) 2 
	
f W d_1. 1 = f 	d 	+ 	 d 	f 	+ + y . 	. 
The first integral on the right equals unity; the second represents the 
mean value y of z; and the third, the mean square value of y 2 of z. 







82 = 	;19W sin9d9 dO  
0) o) 
and 
2 2 ig 
y 
which gives 
2 —2 2 ,f221.ge + 0 d f 
d = f + 
73 sin 0 4 4 Te7 




B2 cos 0 	. 1-`11 = 
;17 + 
It can be seen that if the molecular moments have a random dis-
tribution (i.e., if f is independent of g) the Brownian movement can 
have no effect on the distribution function. In the case of an im-
pressed electric field the distribution P,Inction will not be uniform, 
and hence will be affected by the Brownian movement. 
In order to findAl, the number of molecular moments entering d 
during t, we consider the torque on the molecule tending to orient 






F sin 0 . 
With a constant torque the molecule would be accelerated nntil it 
rached its so-called. terminal velocity 1Nhere the frictional torque, 
proportional to the velocity, would balance the impressed torque, or 
M - d0 . 
If we consider the acceleration tics negligibly small, the molecule will 
turn through an angle, 
= 	M, 
fi 
in the time interval, t. Now if we draw a circle around this sphere 
at an angle, 	fiom the axis, the number of molecular moments that 
pass through this circle will be 
2 lrf sin Or•- O = 2r f 	t sin 0 . 	 (A8) 
The number of moments that pass throtgh another circle, 0 + dO, in the 
sane interval of time is 
2 iff 	t sin 0 + -70 (2 irf E t sin 0) d0 	 (A9) 
1 will then be the difference between these or 
1 = -- 	(2 17f 	't in 0) d0 
	
(A10) 
By substituting equations (A7) and (A10) into equation (Al) and 
38 
remembering that CI.= 21T sin 0 dO, we have 
[sin 0 1. 62 
at = -aro 	nart 	- .Li (All) 
atFor the special ease when the impressed field is constant or ---.= 0 , a  
the Maxwell Boltzmann expression must satisfy this equation, 
) f 
7. -57 
= 0 . 	 (Al2) 
From the Maxwell Boltzmann expression, f = A e F ir = A e 
F cos 0 
lAtk COS 0 
A F 	e KT  KT 
Therefore, 
e2 	KT 
14-rt- • (A13) 
The distribution function may then be found from this differential 
equation: 
r 	1 
-TE = 3E7 --470 	W (KT .-0-' f - 
To find the relaxation time, the t5Alle for the moments to revert 
to a random distribution after the removal of the impressed field, we 
.1/ 








We try as a solution, 
-I 
f= A 1+ 
Fo 
(t) cos 0 KT 




2KT , - -...- , 
r- 	 --, 
-KT  f = !t, 1 + KT  ----- e 	cos 0 . L.- 	 i 
(A16) 
(Al?) 
The variable part of the distribution function will be reduced 
to 1  - of its initial value after a time of mif seconds. The relaxation 
time is then defined as 
== (A18) T • 
Substituting this into equation (A14), 	have the differential equation 
for the distribution function: 
a ff fed 2 7. 7-3-E = 	 Lsin 3o 	- (A19) 
This is identical to equation (15) on page 21. 
